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Motivated by possible existence of string axions with ultralight masses, we study gravita-
tional radiation from an axion cloud around a rotating black hole (BH). The axion cloud
extracts the rotation energy of the BH by superradiant instability, while it loses energy
through the emission of gravitational waves (GWs). In this paper, GWs are treated as
perturbations on a fixed background spacetime to derive the energy emission rate. We
give an analytic approximate formula for the case where axion’s Compton wavelength
is much larger than the BH radius, and then, present numerical results without approx-
imation. The energy loss rate of the axion cloud through the GW emission turns out to
be smaller than the energy gain rate of the axion cloud by superradiant instability until
nonlinear self-interactions of axions become important. In particular, an axion bosenova
must happen at the last stage of superradiant instability.
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1. Introduction
In a few years, the ground-based detectors, Advanced LIGO, Advanced VIRGO, and
KAGRA, are expected to begin operation with sufficiently high sensitivity to detect gravi-
tational wave (GW) signals from binary mergers of black holes (BHs) or neutron stars. We
will have a very exciting era of general relativity, and many interesting sciences will be done.
One interesting possibility is to find signals from unknown sources or effects of unestablished
hypothetical theories.
Do we have a possibility to detect signals from string theory through GW detectors?
Na¨ıvely it seems difficult because the effect of string theory is expected to appear at very
high energy scales (e.g, the string scale). However, the authors of Refs. [1, 2] answered “Maybe
yes,” if there are string axions with ultralight masses. Since string theories (or M-theory)
require our spacetime to have 10 or 11 dimensions, the extra dimensions other than four
have to be compactified. Then, the extra dimensions have dynamical degrees of freedom of
changing their shape and size which are called moduli, and they effectively behave as fields
in our four-dimensional spacetime. One of the moduli will be the QCD axion. We can also
expect the existence of other pseudoscalar fields with ultralight masses, called string axions,
whose expected number is typically from 10 to 100. The allowed mass range is from 10−10 eV
to 10−33 eV and further below. Depending on their masses, they cause a variety of phenomena
that could be observed in the context of cosmophysics (=cosmology and astrophysics). This
is called the axiverse scenario (See also Ref. [3] for an overview).
Suppose one of the string axions has mass µ ∼ 10−10 eV. The Compton wavelength 1/µ is
comparable to the radius of a BH with solar mass M ∼M⊙ (Throughout this paper, we use
the units c = G = ~ = 1). Then, around a rotating solar-mass BH, there appears an unstable
quasibound-state mode whose amplitude grows exponentially through the extraction of the
BH rotation energy. This instability is called superradiant instability. Due to this instability,
an axion cloud is formed around the BH from quantum zero-point oscillations even if we
start from vacuum. The growth rate has been calculated by approximate methods [4, 5]
and by numerical methods [6–8] by solving the frequency-domain eigenvalue problem.1 The
maximum growth rate has been found to be MωI ∼ 10−7, and the corresponding time scale
to be around 107M , which is much longer than M (see Fig. 1). But this time scale is about
1 minute for M =M⊙. Even for MωI ∼ 10−12, the time scale is about 1 day. Therefore, for
a wide range of parameters, the time scale of the superradiant instability is much shorter
than the observation period of the ground-based GW detectors.
The axion cloud becomes denser and denser as the superradiant instability proceeds, and
two effects gradually become important. One is nonlinear self-interaction, and the other
is the GW emission. Here, the nonlinear self-interaction comes from the potential of the
axion field Φ, which is assumed to have the standard form V = f2aµ
2[1− cos(Φ/fa)] in the
present paper where fa is the axion decay constant. In our previous paper [9], we numerically
simulated the time evolution of an axion field obeying the sine-Gordon equation in the
Kerr background spacetime. The result is that the nonlinear self-interaction leads to “axion
bosenova,” which shares some features with the bosenova observed in experiments [12] on
Bose-Einstein condensates. The bosenova is characterized by the termination of superradiant
instability and the gradual infall of positive energy from the axion cloud into the BH. The
bosenova happens when the energy Ea of the axion cloud becomes Ea/M ≈ 1600(fa/Mp)2,
where Mp is the Planck mass. If fa corresponds to the GUT scale, fa = 10
16 GeV, the
bosenova happens when axion cloud acquires 0.16% energy of the BH mass.
In the same paper [9], we also gave an order estimate of the amplitude of GWs emitted
during the bosenova, and found a possibility to detect signals from the bosenova if it happens
around a BH near the solar system (say, within 1 kpc). This motivates us to study GWs from
the bosenova in more detail. However, before doing that, we have to study GW emission
before the bosenova, i.e., in the superradiant phase. The reason is as follows. The axion cloud
obtains energy by extraction of BH’s rotation energy, while it loses energy by emission of
GWs. The energy extraction rate dEa/dt is related to the superradiant growth rate as
dEa
dt
= 2ωIEa, (1)
and therefore, it is proportional to (Ea/M). On the other hand, the energy loss rate by
the GW emission (i.e., the radiation rate) is dEGW/dt ∝ (Ea/M)2. This is because the
perturbation equation indicates that the GW amplitude is proportional to Ea, and the
energy flux is proportional to the squared amplitude of GWs. For this reason, dEa/dt is
larger than dEGW/dt when Ea is sufficiently small. But there is a possibility that dEGW/dt
may catch up with dEa/dt as Ea is increased. If this is the case, all of the extracted energy
1The growth rate was reproduced also in a time-domain simulation by our code for a special case
[9], and more systematic analyses of very long time evolutions were reported by Dolan [10]. See also
[11] for an earlier work.
2/31
from the BH is converted into GWs, and the growth of the axion cloud stops. Then, bosenova
does not happen and the GW emission stays at a level undetectable by GW experiments in
the near future. The GW emission rate in the linear growth phase also gives us the lower
bound on the expected GW fluxes from potential sources. Therefore, the study of GWs in
the superradiant phase is important.
Approximate estimates of GW emissions from the BH-axion system were previously given
by Arvanitaki et. al in Refs. [1, 2]. There, the GW radiation from a huge gravitational
atom in Newton potential was considered for the case Mµ≪ 1. The two GW emission
processes were pointed out. One is the radiation by level transitions of the axion cloud as a
gravitational atom. This process occurs when the wavefunction of the axion cloud is given
by the superposition of two or more levels of bound eigenstates, and GWs of the frequencies
identical to energy differences of the levels are radiated. The other is the annihilation of two
axions. This can happen even for an axion cloud occupying just one bound-state level, and
GWs with the frequency 2ω are emitted, where ω is the (real part of) the axion bound-state
frequency. For both processes, they derived approximate formulas for the GW radiation rates
and concluded that the radiation rates are sufficiently small to allow the growth of the axion
cloud by the superradiant instability until the occurrence of a bosenova.
In this paper, we consider the situation where approximately all of the axion particles
occupy one bound-state level. Because the GW radiation by the level transition is subdom-
inant in such a situation, we focus on the two-axion annihilation process. We push forward
the study of Ref. [2] on this process in two respects. First, since the approximate analysis
in Ref. [2] was limited to the case where the two axions to be annihilated are at the 2p
level (i.e., ℓ = m = 1 and nr = 0), we extend to more general cases of ℓ = m ≥ 1 and nr ≥ 0.
Next, we perform numerical calculations of the GW emission in the Kerr background for
general values of Mµ. This is certainly necessary because the superradiant instability for the
modes ℓ = m = 2 and 3 becomes effective when Mµ ∼ 1, where the approximation Mµ≪ 1
breaks down. Similarly to Ref. [2], the analysis is done within the classical approximation.
This paper is organized as follows. In the next section, we describe the general strategy
and derive formulas that are used in the subsequent two sections. In Sec. 3, we give an
approximate formula for the energy loss rate in the case Mµ≪ 1. In this case, the flat
spacetime can be adopted as the background spacetime, and we call this approximation
the “flat approximation”. In Sec. 4, we explain the numerical method for the general value
of Mµ, where the Kerr spacetime is adopted as the background spacetime. Section 5 is
devoted to a conclusion. In Appendix A, we describe technical details for computing axion
quasibound states around a Kerr BH numerically. In Appendix B, we sketch the derivation
of the GW radiation rate presented in Sec. 3.
2. General strategy
In this section, we briefly summarize the basic features of the superradiant growth of an
axion cloud around a rotating BH and the methods for evaluating the GW radiation rate
from this system.
2.1. Superradiant bound states of an axion field
We assume the BH at the center of the axion cloud to be a rotating Kerr BH. A Kerr
BH is specified by the two parameters, the mass M and the angular momentum J . The
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Kerr parameter a is introduced by J =Ma. In this paper, we often use the nondimensional
rotation parameter a∗ = a/M . In the Boyer-Lindquist coordinates (t, r, θ, φ), the metric is
given by
ds2 = −∆− a
2 sin2 θ
Σ
dt2 − 4Mar sin
2 θ
Σ
dtdϕ
+
[
(r2 + a2)2 −∆a2 sin2 θ
Σ
]
sin2 θdϕ2 +
Σ
∆
dr2 +Σdθ2, (2a)
with
Σ = r2 + a2 cos2 θ, ∆ = r2 + a2 − 2Mr. (2b)
The horizon is located at r+ =M +
√
M2 − a2 and it rotates with the angular velocity
ΩH = a/(r
2
+ + a
2) as seen by observers at spatial infinity.
We consider a real scalar field Φ in the Kerr spacetime. Here, Φ is treated as a test field
and its gravitational backreaction is neglected. Because we study the situation much before
the bosenova, the effect of the nonlinear self-interaction is less important. For this reason,
we ignore the nonlinear term and assume Φ to satisfy the massive Klein-Gordon equation
∇2Φ− µ2Φ = 0. (3)
In the Kerr spacetime, the separation of variables of the field Φ is possible as
Φ = ℜΦˆ, Φˆ = e−iωtR ωµℓm (r)S ωµℓm (θ)eimφ. (4)
Throughout the paper, fˆ indicates the complexified quantity of a real function f , i.e., f = ℜfˆ .
In the following, we denote R = R ωµℓm (r) and S = S
ωµ
ℓm (θ) for simplicity. See Appendix A for
the equations that S(θ) and R(r) satisfy.
The superradiant instability occurs only for quasibound states. Such a quasibound state
is obtained by assuming the field to decay at infinity and to be ingoing at the horizon.
The procedure is similar to the calculation of the bound states of a hydrogen atom in
quantum mechanics. In the case of the hydrogen atom, one imposes the wave function to
decay at infinity and to be regular at the origin. Then, the energy levels are discretized.
In the same manner, the frequency ω is discretized in the case of the BH-axion system.
Since there is an ingoing flux at the horizon, the frequency ω becomes complex, ω = ωR +
iωI . The imaginary part gives the exponential behavior, and the field decays for ωI < 0
and grows for ωI > 0. In the case ωI > 0, the bound state is unstable, and this happens
when the superradiance condition ωR < mΩH is satisfied. Physically, the instability happens
because the energy density in the neighborhood of the BH horizon becomes negative for
ωR < mΩH , and negative energy falls into the horizon. Then, due to the energy conservation,
the amplitude of the outside field becomes larger. This is the superradiant instability.
Approximate solutions for superradiant bound states were constructed in the parameter
region Mµ≪ 1 by the matched asymptotic expansion (MAE) method [4] and in the param-
eter region Mµ≫ 1 by the WKB method [5]. The solution in the MAE method is closely
related to our analysis in Sec. 3. In this method, two approximate solutions are constructed
in a near-horizon region and in a distant region, and they are matched in the overlapping
region where both approximations are valid. The equation in the distant region is identical
to the Schro¨dinger equation for a hydrogen atom except that the electric potential −e2/r is
4/31
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Fig. 1: Imaginary part MωI of bound state eigenfrequency as functions of Mµ for the BH
rotation parameter a∗ = 0.90 (left) and 0.99 (right). The results for the modes ℓ = m = 1,
2, and 3 are shown.
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Fig. 2: Left panel: Radial function R of the axion quasibound state as a function of the
tortoise coordinate r∗/M for ℓ = m = 1, Mµ = 0.40, and the BH rotation parameter a∗ =
0.99. Right panel: The configuration in the equatorial plane θ = π/2. There are one maximum
and one minimum.
replaced by the Newton potential −Mµ/r. Therefore, the BH-axion system can be regarded
as a huge gravitational atom, which is characterized by the angular quantum numbers (ℓ,m)
and the radial quantum number nr = 0, 1, 2, ....
In the parameter range Mµ ∼ 1, numerical calculations are required to determine the
bound-state levels. Such analyses were done by several authors [6–8]. In Ref. [8], a detailed
analysis was reported using the continued fraction method developed by Leaver [13]. We also
reproduced the consistent result using our independent code. See Appendix A for technical
details. Figure 1 shows the imaginary part MωI of the eigenfrequency as functions of Mµ
for the BH rotation parameter a∗ = 0.90 and 0.99. The results for the modes ℓ = m = 1, 2,
and 3 and nr = 0 are shown. The unstable range of Mµ becomes larger as m is increased
because of the superradiance condition µ ≈ ωR < mΩH . The peak value of MωI becomes
smaller as ℓ = m is increased and as a∗ is decreased.
Figure 2 shows an example of the radial profile of R for the bound state solution with ℓ =
m = 1 (the left panel) and the corresponding configuration in the equatorial plane (the right
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Fig. 3: The same as Fig. 2 but for ℓ = m = 2 and Mµ = 0.89. We can see two maxima and
two minima in the right panel.
panel). The system parameters are adopted to be Mµ = 0.40 and a∗ = 0.99. The function
R is shown as a function of the tortoise coordinate r∗ defined by
dr∗ =
r2 + a2
∆
dr. (5)
Figure 3 shows the same information for the mode with ℓ = m = 2 and the system parameter
Mµ = 0.89. In these two figures, we chose the modes which are reduced to gravitational
atoms with the radial quantum number nr = 0 for Mµ≪ 1. For these modes, the field Φ
has one maximum and one minimum for ℓ = m = 1, and two maxima and two minima for
ℓ = m = 2 in the equatorial planes (i.e., right panels) outside of the ergoregion. In the left
panels, ingoing waves which behave as R ∼ e−i(ω−mΩH )r∗ can be seen. These waves carry
negative energy density into the BH. In Sec. 4, we use these numerical solutions for mode
functions of the quasibound states as the source term of GWs.
2.2. GWs from an axion cloud
The energy-momentum tensor of the axion field is
Tµν = Tµν(Φ,Φ), (6)
where Tµν(A,B) is defined as
Tµν(A,B) = ∇µA∇νB − 1
2
gµν
(∇ρA∇ρB + µ2AB) . (7)
We study GWs generated by this energy-momentum tensor Tµν . For this purpose, we consider
the perturbation
g˜µν = gµν + hµν , (8)
where g˜µν is the spacetime metric, gµν is the background Kerr metric, and hµν is a small
perturbation. We introduce ψµν by
ψµν = h
µ
ν −
1
2
δµνh
ρ
ρ. (9)
Then, in the de Donder gauge
∇νψµν = 0, (10)
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the Einstein equations for ψµν become
∆Lψµν = 16πTµν , (11)
where ∆L is the Lichnerowicz operator that reduces in the vacuum case to
∆Lϕµν = −∇2ϕµν − 2R ρ σµ ν ϕρσ . (12)
Equation (11) can be rewritten as the equation for hµν ,
∆Lhµν = 16π
(
Tµν − 1
2
T ρρgµν
)
. (13)
Here, we introduce one approximation. The field Φ is proportional to eωIt by the super-
radiant instability, and the energy-momentum tensor gradually grows larger. However, the
time scale of the instability is very long, & 107M , and its effect on the GW flux must be
small. For this reason, we ignore the imaginary part ωI and calculate GWs from an oscillat-
ing source without exponential growth. This also means that we ignore the ingoing flux of
the field Φ to the BH horizon.
In addition to this, there is another subtlety. Originally, the superradiant unstable mode
for Φ is obtained as a complex function Φˆ proportional to e−iωt+imφ. Then, the energy-
momentum tensor should be estimated by using its real part Φ = ℜΦˆ as
Tµν(Φ,Φ) =
1
4
[
Tµν(Φˆ, Φˆ) + Tµν(Φˆ
∗, Φˆ∗) + 2Tµν(Φˆ, Φˆ
∗)
]
, (14)
where z∗ denotes the complex conjugate of z. Clearly, the left-hand side of Eq. (14) is
not the real part of T (Φˆ, Φˆ)/2 when Φˆ are sum of several oscillating modes proportional
to e−i(2ω)t+i(2m)φ because of the presence of the term T (Φˆ, Φˆ∗). In fact, this term can be
interpreted as the source for the GW emission by the level transition [2]. However, for a
monochromatic eigenmode of Φ, the stationary terms corresponding to T (Φˆ, Φˆ∗) generate
only stationary perturbations hµν , and we are not interested in such perturbations. Hence,
we neglect this contribution and focus on GWs generated by the oscillating terms of Eq. (14).
For this purpose, it is convenient to introduce the complexified energy momentum tensor Tˆ
defined by
Tµν(Φ,Φ) = ℜ(Tˆµν) with Tˆµν = (1/2)Tµν (Φˆ, Φˆ). (15)
Since Tˆ is proportional to e−2iωt+2imφ, the frequency ω˜ and the azimuthal quantum number
m˜ of GWs satisfy
ω˜ = 2ω, m˜ = 2m. (16)
Hereafter, tilder indicates a quantity for GWs.
Once a solution for the mode function is given, the GW radiation rate toward null infinity
can be calculated by
dE
(out)
GW
dt
=
1
32π
∫
r=rout
gµρgνσh˙TTµν h˙
TT
ρσ dS, (17)
where h˙TTµν denotes the time derivative of a metric perturbation in the transverse-traceless
(TT) gauge, and dS is the area element of the 2-surface in a distant region specified by t
and r = rout. Here, the conditions for the TT gauge are
∇µhTTµν = 0 and gµνhTTµν = 0, (18)
and the existence of the TT gauge has been shown for a vacuum perturbation of a vacuum
spacetime (e.g., p. 186 of Ref. [14]). On the other hand, the formula for the energy flux
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dE
(bh)
GW /dt absorbed by the horizon of a Kerr BH is derived in Ref. [15] in terms of the
Newman-Penrose quantity ψ0 or ψ4. A consistent formula is found using the Isaacson effective
energy-momentum tensor for high-frequency GWs in Ref. [16]. In this paper, we do not
explicitly calculate the GW energy flux across the horizon with the following reason: In
Refs. [15, 16], dE
(bh)
GW /dt has been shown to be proportional to ω˜ − m˜ΩH . As stated in
Eqs. (16), the frequency and the azimuthal quantum number of GWs satisfy ω˜ = 2ω and
m˜ = 2m. Then, if the axion cloud satisfies the superradiance condition ω < mΩH , emitted
GWs also satisfy the superradiance condition ω˜ < m˜ΩH . Therefore, the GW energy flux to
the horizon is negative, dE
(bh)
GW /dt < 0, and hence, the total radiation rate is
dEGW
dt
=
dE
(out)
GW
dt
+
dE
(bh)
GW
dt
<
dE
(out)
GW
dt
. (19)
This means that dE
(out)
GW /dt gives the upper bound of the total energy loss rate dEGW/dt
of the axion cloud due to the GW emission, and if dE
(out)
GW /dt is smaller than the energy
extraction rate dEa/dt of the axion cloud, we can safely declare that the GW emission does
not stop the growth of the axion cloud by consuming all the energy extracted from the BH
by the superradiant instability.
In order to estimate the GW emission rate toward null infinity with the aid of the for-
mula (17), in principle, we have to solve Eq. (11) first and then find a gauge transformation
that puts the solution into the TT gauge. However, this is a rather intricate task. Therefore,
we adopt the following different method.
First, we pay attention to the fact that the solution hµν of Eq. (13) satisfies the vacuum Ein-
stein equations outside the finite source region. Therefore, it is related to the homogeneous
out-mode solutions2 uˆ
(j˜)
µν at future null infinity I + as
hˆµν =
∑
j˜
Cj˜ uˆ
(j˜)
µν at I
+. (20)
Here, we introduce a complex metric perturbation hˆµν ∝ e−iω˜t+im˜φ with hµν = ℜ[hˆµν ] as
before, and j˜ indicates the collection of indexes to specify each mode, i.e. the angular
quantum numbers ℓ˜ and m˜ and the “polarization state” P = ±1 (in the definition of
Chrzanowski [16]). The out-mode uˆ
(j˜)
µν is a solution to the homogeneous equation
∆Luˆ
(j˜)
µν = 0 (21)
satisfying the boundary condition of vanishing flux across the future horizon H+ (i.e., the
absence of ingoing waves at r∗ → −∞). Since we consider monochromatic waves, the out-
mode solutions uˆ
(j˜)
µν are also in proportion to e−iω˜t+im˜φ. By a gauge transformation, the
perturbation can be expressed in the TT gauge, in which hˆTTµν can be expanded in terms of
uˆ
(j˜)TT
µν with the same expansion coefficients Cj˜ . By inserting this expansion in the TT gauge
2The homogeneous GWs are classified into four independent modes: in-, out-, up-, and down-modes
depending on the boundary conditions at future and past null infinity I + and I − and the future
and past horizons H+ and H− (see, e.g., p. 93 of Ref. [17]).
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into (17), we obtain 〈
dE
(out)
GW
dt
〉
=
ω˜2
64π
∑
j˜
∣∣∣Cj˜∣∣∣2 Jj˜ (22)
with
Jj˜ =
∫
gµρgνσuˆ(j˜)TTµν uˆ
∗(j˜)TT
ρσ dS, (23)
where 〈X〉 implies the time average over a time sufficiently larger than 1/ω˜.
Next, we determine Cj˜ . First, we apply Green’s theorem to the identity
∇ρ
(
uˆ∗(j˜)TTµν ∇ρhˆµν − hˆµν∇ρuˆ∗(j˜)TTµν
)
= −16πuˆ∗(j˜)TTµν Tˆ µν (24)
to obtain∫
∂D
(
uˆ∗(j˜)TTµν ∇ρhˆµν − hˆµν∇ρuˆ∗(j˜)TTµν
)
nρdΣ = −16π
∫
D
uˆ∗(j˜)TTµν Tˆ
µν√−gd4x. (25)
This relation holds for an arbitrary domain D. Let us adopt as D the domain surrounded
by t = t0 and t = t0 +∆t, r = rout, and r = rin. Here, r = rout is located at a sufficiently far
position from the axion cloud, and r = rin is located close to the horizon.
In the left-hand side of the relation (25), the surface integrals at t = t0 and t = t0 +∆t
remain finite and we can safely neglect their contribution if we take a sufficiently large ∆t.
Then, the both sides of this relation are proportional to ∆t. Besides, because of the boundary
condition for u
∗(j˜)TT
µν imposed at the future horizon, the surface integral at r = rin vanishes.
Hence, we have
−16π〈u(j˜)TT, T 〉 =
∫
r=rout
(
uˆ∗(j˜)TTµν ∂rh
µν − hµν∂ru∗(j˜)TTµν
)
dS (26)
where the “inner product” of uµν and Tµν is defined as
〈u, T 〉 = 1
∆t
∫ t0+∆t
t0
dt
∫
uˆµν Tˆ
µν√−gdrdθdφ. (27)
Note that because uTTtµ ≈ uTTrµ ≈ 0, only the angular component hIJ (I, J = θ, φ) appear
in the right-hand side of Eq. (26). From this, it follows that the right-hand side is invariant
under the gauge transformation hIJ → hIJ + δhIJ with δhIJ = ∇IξJ +∇JξI . This implies
that hµν can be replaced by its counterpart in the TT gauge, h
TT
µν . Hence, substituting the
expansion formula (20) in the TT gauge into right-hand side of Eq. (26), we obtain
Cj˜ = 8πi
〈
u(j˜)TT, T
〉
ω˜Jj˜
. (28)
Here, we used the fact that uˆ
(j˜)TT
µν behaves as ∼ e−iω˜(t−r)/r for large r.
Furthermore, in spite of the fact that the relation (26) was derived assuming the TT
gauge conditions, the inner product 〈u(j˜)TT, T 〉 is invariant under the gauge transformation
uˆTTµν → uˆµν = uˆTTµν + δuˆµν with δuˆµν = ∇µξν +∇νξµ because 〈δu, T 〉 = 0 holds. This can be
shown by rewriting the integral of (∇µξν)T µν = ∇µ(T µνξν) in the domain D into the surface
terms by the Gauss law and using the absence of the energy flux at the boundaries r = rin
and rout. Therefore, the inner product 〈uˆ(j˜), T 〉 can be calculated without taking a special
care to the gauge choice, and it is sufficient to find a solution u
(j˜)
µν satisfying the TT gauge
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condition only at future null infinity. In the Kerr background, we can explicitly construct
such out-mode solutions as we will see later.
Substituting Eq. (28) in an arbitrary gauge into Eq. (22), the energy emission rate is given
by
〈
dE
(out)
GW
dt
〉
= π
∑
j˜
∣∣∣〈u(j˜), T 〉∣∣∣2
Jj˜
. (29)
with Jj˜ defined in Eq. (23).
2.3. Methods for calculating the energy emission rate
In order to evaluate the radiation rate using Eq. (29), we have to calculate the homogeneous
solution uˆµν for a gravitational perturbation and perform the integration of the inner product
〈u, T 〉. Also, the values of Jj˜ have to be calculated. We explain the methods for calculating
these quantities.
2.3.1. Homogeneous GWs. We use the Teukolsky formalism [18] in order to calculate
the homogeneous solution of a gravitational perturbation of the Kerr spacetime. By setting
M = a = 0, this formalism also can be applied to a perturbation for a flat spacetime studied
in the next section. The Teukolsky formalism realizes the separation of the variables (t, r, θ, φ)
of the perturbative equations using the Newman-Penrose formalism [19]. In the Teukolsky
formalism, the Kinnersley null tetrads are adopted:
lµ =
1
∆
(
r2 + a2, 1, 0, a
)
(30a)
nµ =
1
2Σ
(
r2 + a2, −∆, 0, a) (30b)
mµ =
1√
2(r + ia cos θ)
(
ia sin θ, 0, 1,
i
sin θ
)
(30c)
In terms of these tetrads, the metric (2a) of the Kerr spacetime is
gµν = −lµnν − nµlν +mµm∗ν +mνm∗µ. (31)
The equations for the Newman-Penrose quantities ψ0 and ρ
−4ψ4 are given by
[
(r2 + a2)2
∆
− a2 sin2 θ
]
∂2ψ
∂t2
+
4Mar
∆
∂2ψ
∂t∂φ
+
[
a2
∆
− 1
sin2 θ
]
∂2ψ
∂φ2
−∆−s ∂
∂r
(
∆s+1
dψ
dr
)
− 1
sin θ
∂
∂θ
(
sin θ
∂ψ
∂θ
)
− 2s
[
a(r −M)
∆
+
i cos θ
sin2 θ
]
∂ψ
∂φ
− 2s
[
M(r2 − a2)
∆
− r − ia cos θ
]
∂ψ
∂t
+ (s2 cot2 θ − s)ψ = 0 (32)
with s = ±2, respectively. Here, the energy-momentum tensor is set to be zero because
we need to generate homogeneous solutions. By writing ψ = e−iω˜teim˜φsR
ω˜
ℓ˜m˜
(r)sS
ω˜
ℓ˜m˜
(θ), the
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Teukolsky equation (32) is separated as
∆−s
d
dr
(
∆s+1
dsR
ω˜
ℓ˜m˜
dr
)
+
[
K˜2 − 2is(r −M)K˜
∆
+ 4isω˜r − λ
]
sR
ω˜
ℓ˜m˜
= 0, (33)
1
sin θ
d
dθ
(
sin θ
dsS
ω˜
ℓ˜m˜
dθ
)
+
(
a2ω˜2 cos2 θ − m˜
2
sin2 θ
− 2aω˜s cos θ − 2m˜s cos θ
sin2 θ
− s2 cot2 θ + s+ sAℓ˜m˜
)
sS
ω˜
ℓ˜m˜
= 0, (34)
where
K˜ = (r2 + a2)ω˜ − am˜, λ = sAℓ˜m˜ + a2ω˜2 − 2am˜ω˜. (35)
The function sS
ω˜
ℓ˜m˜
(θ)eim˜φ is called a spin-weighted spheroidal harmonics, and sAℓ˜m˜ is its
eigenvalue. For a spherically symmetric spacetime, the spin-weighted spheroidal harmonics
reduce to the spin-weighted spherical harmonics sYℓ˜m˜(θ, φ) with sAℓ˜m˜ = ℓ˜(ℓ˜+ 1)− s(s+
1). We adopt the standard normalization condition
∫ ∣∣∣sS ω˜ℓ˜m˜(θ)
∣∣∣2 sin θdθ = 1/2π. For a Kerr
spacetime, we have to generate sS
ω˜
ℓ˜m˜
(θ) and sAℓ˜m˜ by numerical calculation or by approximate
formulas. The method is explained in Sec. 4.1.
As explained in Sec. 2.2, we calculate only the GW radiation rate toward infinity dE
(out)
GW /dt
that gives the upper bound on the total radiation rate. In order to evaluate this quantity,
we need to generate the out-mode solution uˆµν for a gravitational perturbation of a Kerr
spacetime. The asymptotic behavior of R for the out-mode is
sR
ω˜
ℓ˜m˜
∼


ei(ω˜−m˜ΩH)r∗ (r∗ → −∞),
Zin
e−iω˜r∗
r
+ Zout
eiω˜r∗
r2s+1
(r∗ → +∞),
(36)
where r∗ is the tortoise coordinate defined in Eq. (5). In this paper, we choose s = +2 for a
technical reason that is explained in Sec. 4.1.
Once the functions +2R(r) and ±2S(θ) are obtained, the next step is to reconstruct the
metric perturbation uˆµν from the Teukolsky functions. The function ψ0 or ψ4 is known to
completely determine the metric perturbation [20]. Intuitively, this is because ψ0 or ψ4 is
a gauge-invariant quantity, and its real and imaginary parts correspond to the two degrees
of freedom of GWs. The explicit formula was derived by Cohen and Kegeles [21, 22] and
Chrzanowski [16] under some assumptions, and its complete proof was given by Wald [23].
Here, we adopt the following metric formula given by Chrzanowski in the outgoing radiation
gauge uˆµνn
ν = uˆ νν = 0:
3
uˆµν(ℓ˜, m˜, ω˜, P ) =
(−nµnνA−mµmνB + n(µmν)C)+2R ω˜ℓ˜m˜(r)−2S ω˜ℓ˜m˜(θ)eim˜φ−iω˜t
+ P
(
−nµnνA∗ −m∗µm∗νB∗ + n(µm∗ν)C∗
)
+2R
ω˜
ℓ˜m˜
(r)+2S
ω˜
ℓ˜m˜
(θ)eim˜φ−iω˜t (37)
3The authors of Ref. [24] derived an apparently different formula and claimed that Chrzanowski’s
formula includes typos. However, we have checked that both of the two formulas lead to the same
result.
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where A, B, and C are operators
A = ρ∗−4(δ − 3α∗ − β + 5π∗)(δ − 4α∗ + π∗), (38a)
B = ρ∗−4(∆ + 5µ∗ − 3γ∗ + γ)(∆ + µ∗ − 4γ∗), (38b)
C = ρ∗−4 [(δ + 5π∗ + β − 3α∗ + τ)(∆ + µ∗ − 4γ∗)
+ (∆ + 5µ∗ − µ− 3γ∗ − γ)(δ − 4α∗ + π∗)] . (38c)
Here, α, β, γ, µ, and π are the Newman-Penrose variables [19] (see [18] for expressions
in the Kinnersley tetrad), and ∆ = nµ∇µ, δ = mµ∇µ. The polarization-state parameter P
takes a value +1 or −1, and the perturbations with P = ±1 are reduced to the even-type
and odd-type perturbations of a Schwarzschild spacetime in the nonrotating case, a∗ = 0,
respectively [25, 26] (or the scalar and vector modes in [27]). For outgoing GWs, the outgoing
radiation gauge agrees with the TT gauge at the distant region r ≫M :
uˆIJ ≈ Zout
2
ω˜2
e−iω˜(t−r)
r
×
{
r2SIJ (P = +1),
r2VIJ (P = −1).
(39)
Here, we wrote only the I, J = θ, φ components because the other components are
subdominant. The explicit formulas for SIJ and VIJ are
SIJ = e
im˜φ
(
−2S
ω˜
ℓ˜m˜
+ +2S
ω˜
ℓ˜m˜
i sin θ(−2S
ω˜
ℓ˜m˜
− +2S ω˜ℓ˜m˜)
∗ − sin2 θ(−2S ω˜ℓ˜m˜ + +2S ω˜ℓ˜m˜)
)
, (40a)
VIJ = e
im˜φ
(
−2S
ω˜
ℓ˜m˜
− +2S ω˜ℓ˜m˜ i sin θ(−2S ω˜ℓ˜m˜ + +2S ω˜ℓ˜m˜)
∗ − sin2 θ(−2S ω˜ℓ˜m˜ − +2S ω˜ℓ˜m˜)
)
. (40b)
Note that in the case of a spherically symmetric spacetime, these tensors SIJ and VIJ
are identical to those given in Ref. [27] for the transverse-traceless part of gravitational
perturbation except for overall factors. For this asymptotic form of uˆµν , the value of J
defined in Eq. (23) is calculated as
J = 2 |Zout|2 ω˜4 (41)
for both P = ±1. Substituting Eq. (41) into the formula for the radiation rate (29), we have
dEGW
dt
=
π
2
∣∣∣∣〈u, T 〉Zout
∣∣∣∣
2
ω˜−4. (42)
2.3.2. Energy-momentum tensor. Once the out-mode GW solution uµν and the value of
Zout are obtained, we can calculate the inner product using the energy-momentum tensor (6).
Because the homogeneous solution uˆµν of Eq. (37) is spanned only by nµnν, n(µmν), n(µm
∗
ν),
mµmν , and m
∗
µm
∗
ν , the terms proportional to gµν do not contribute to generation of GWs.
For this reason, we only consider Tˆ ′µν = (1/2)∇µΦˆ∇νΦˆ, and the components necessary for
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our calculation are
Tˆ ′µνnµnν =
e−2iωte2imφ
8Σ2
[iKR+∆R,r]
2 S2, (43a)
Tˆ ′µνmµmν =
e−2iωte2imφ
4(r + ia cos θ)2
[
S,θ +
(
aω sin θ − m
sin θ
)
S
]2
R2, (43b)
Tˆ ′µνm∗µm
∗
ν =
e−2iωte2imφ
4(r − ia cos θ)2
[
S,θ −
(
aω sin θ − m
sin θ
)
S
]2
R2, (43c)
Tˆ ′µνnµmν =
−e−2iωte2imφ
4
√
2Σ(r + ia cos θ)
[iKR+∆R,r]
[
S,θ +
(
aω sin θ − m
sin θ
)
S
]
SR, (43d)
Tˆ ′µνnµm
∗
ν =
−e−2iωte2imφ
4
√
2Σ(r − ia cos θ) [iKR+∆R,r]
[
S,θ −
(
aω sin θ − m
sin θ
)
S
]
SR, (43e)
with K = (r2 + a2)ω − am.
In the following two sections, we apply this formalism to the analytic approximation in
the flat background spacetime and fully numerical calculations in the Kerr background
spacetime, respectively.
3. Gravitational radiation in the flat approximation
In this section, we derive approximate formulas for the GW radiation rate in the caseMµ≪
1. In this case, most of the axion cloud distributes in a region far from the BH. Detweiler [4]
constructed an approximate solution by the MAE method for this case. As stated earlier,
the outer solution agrees with the wave function of a hydrogen atom. The solution is
Φˆ = −
√
2Ea
ω
(2k)3/2
√
(n− ℓ− 1)!
2n(n + ℓ)!
e−iωte−kr(2kr)ℓL2ℓ+1n−ℓ−1(2kr)Yℓm(θ, φ). (44)
Here, L2ℓ+1n−ℓ−1(x) represents the Laguerre polynomial, and k is defined by
k =
√
µ2 − ω2. (45)
The value of k is discretized as
k =
Mµ2
n
, (46)
where n = 1, 2, ... is the principal quantum number defined by
n := ℓ+ 1 + nr (47)
with the radial quantum number nr = 0, 1, 2, .... Note that the gravitational analogue of the
Bohr radius is given by a0 = 1/Mµ
2 = n/k. In Eq. (44), we added the extra factor
√
2Ea/ω
compared to the standard wavefunction of a hydrogen atom in order to normalize the axion
field so that
Ea =
∫
Tttr
2drdΩ (48)
is satisfied, where dΩ = sin θdθdφ. We ignore the near-horizon solution because it is small
and gives a minor contribution to the generation of GWs. In this approximation, the axion
field is bounded by the Newton potential −Mµ/r, and the spacetime is approximately flat.
For this reason, we approximate the background metric gµν as the flat spacetime metric
ηµν in calculating the homogeneous GW solution and the inner product 〈u, T 〉. We call
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this approximation the flat approximation. In this flat approximation, we replace gµν of the
energy-momentum tensor (6) by ηµν , and raise and lower the tensor indices µ, ν by ηµν .
Here, we point out a potential problem in this approximate method. The approximate
solution (44) for the axion field satisfies the equation
ηµν∂µ∂νΦ− µ2Φ = −2kn
r
Φ. (49)
The right-hand side comes from the Newton potential, or in other words, the contribution
from the static perturbation generated by the BH mass M . On the other hand, in calcu-
lating the homogeneous GWs and the inner product, we completely ignore the background
curvature and use the flat metric ηµν . As a result, we have
∂µT
µν = −kn
r
∂νΦ2, (50)
and the conservation of the energy and momentum is weakly violated. Because of this, if we
adopt the gauge transformation δuµν = ∂µξν + ∂νξµ, we have
〈δu, T 〉 = 1
∆t
∫
kn
r
ξµ∂µΦ
2√−gd4x, (51)
and therefore, the gauge invariance of the inner product is not guaranteed. For this reason,
we have to check carefully to what extent the “error” in Eq. (51) can be large. We will come
back to this point at the last part of this section.
3.1. Solution to Teukolsky equation
In the flat spacetime, the radial Teukolsky equation becomes
d2sRℓ˜m˜
dx2
+
2s+ 2
x
dsRℓ˜m˜
dx
+
[
1 +
2is
x
− (ℓ˜− s)(ℓ˜+ s+ 1)
x2
]
sRℓ˜m˜ = 0. (52)
Here, the rescaled radial coordinate x = ω˜r is introduced. This equation can be solved
analytically. Choosing s = +2, the general solution is given as
+2Rℓ˜m˜ = Ae
−ixxℓ˜−2U(ℓ˜− 1, 2ℓ˜+ 2, 2ix) +Be−ixxℓ˜−2F (ℓ˜− 1, 2ℓ˜ + 2, 2ix), (53)
where F and U denote the confluent hypergeometric functions of the first and second kinds,
respectively. We choose the integral constants to be A = 0, B = 1;
+2Rℓ˜m˜ = e
−ixxℓ˜−2F (ℓ˜− 1, 2ℓ˜+ 2, 2ix), (54)
so that the radial function becomes regular at the origin, x = 0. The asymptotic behavior
at large x is
+2Rℓ˜m˜ ≈
Γ(2ℓ˜+ 2)
(2i)ℓ˜+3Γ(ℓ˜− 1)
eix
x5
+
Γ(2ℓ˜+ 2)
(−2i)ℓ˜−1Γ(ℓ˜+ 3)
e−ix
x
. (55)
Here, the first term represents outgoing waves. From this asymptotic behavior, the coefficient
Zout for the asymptotic outgoing waves in Eq. (36) is read to be
Zout =
Γ(2ℓ˜+ 2)
(2i)ℓ˜+3Γ(ℓ˜− 1)
ω˜−5. (56)
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3.2. Energy emission rate
The remaining task is to obtain the homogeneous solution uˆ
(j˜)
µν and calculate the integral
〈u(j˜), T 〉, where the index (j˜) is a shorthand for (ℓ˜, m˜, P ) to label each GW mode as noted
in Sec. 2.2. Since the calculation of the inner product is rather tedious, we sketch the cal-
culations in Appendix B, and just present the results here. It is convenient to discuss the
results for the odd-type GWs (P = −1) and for the even-type GWs (P = +1) separately.
3.2.1. Odd-type perturbation. In the case of odd-type perturbation, P = −1, the inner
product 〈u, T 〉 vanishes after integration with respect to the angular coordinates (θ, φ).
Therefore, we find that GWs of the odd-type modes are not radiated in our BH-axion system
in the flat approximation. This is a natural result because the oscillating part of the energy-
momentum tensor of the axion cloud has just the even-type mode. The stationary part of
the energy-momentum tensor generates the odd-type perturbation that corresponds to the
gravitational angular momentum, and this part has been ignored in our analysis.
3.2.2. Even-type perturbation. We discuss the case of even-type perturbation, P = +1.
Here, we assume the axion cloud to be in the mode ℓ = m for simplicity. Then, it turns out
that only GWs of the mode ℓ˜ = m˜ = 2ℓ are radiated, and the energy radiation rate is given
by
dEGW
dt
= Cnℓ
(
Ea
M
)2
(µM)Qℓ , (57a)
where
Qℓ = 4ℓ+ 10, (57b)
and
Cnℓ =
16ℓ+1ℓ(2ℓ− 1)Γ(2ℓ − 1)2Γ(ℓ+ n+ 1)2
n4ℓ+8(ℓ+ 1)Γ(ℓ+ 1)4Γ(4ℓ+ 3)Γ(n − ℓ)2 (57c)
Table 1 summarizes the values of Cnℓ and Qℓ and the radiated GW mode (ℓ˜, m˜) for several
axion modes.
3.3. Comparison with the superradiant growth rate
Here, we compare the GW radiation rate with the energy extraction rate of the axion cloud
by the superradiant instability. For the situation Mµ≪ 1, an approximate formula for the
growth rate by the instability has been derived by Detweiler [4] with the MAE method. The
approximate growth rate is given by
MωI = (Mµ)
4ℓ+5(ma∗ − 2µr+) 2
4ℓ+2(n+ ℓ)!
n2ℓ+4(n− ℓ− 1)!
[
ℓ!
(2ℓ+ 1)!(2ℓ)!
]2
×
ℓ∏
j=1
[
(1− a2∗)j2 + (ma∗ − 2µr+)2
]
. (58)
Note that the definition of n in Ref. [4] is different from ours: it corresponds to our radial
quantum number nr. With this ωI , the energy extraction rate by the superradiant instability
is given by Eq. (1). Because the energy extraction rate and the GW radiation rate are
proportional to (Mµ)4ℓ+5 and (Mµ)Qℓ with Qℓ = 4ℓ+ 10, respectively, the GW radiation
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Table 1: Approximate values of Cnℓ, values of Qℓ, and the emitted GW mode (ℓ˜, m˜) for
several axion cloud modes (n, ℓ,m).
Axion mode (n, ℓ,m) Atomic orbital Cnℓ Qℓ GW mode (ℓ˜, m˜)
(2, 1, 1) 2p 1.56 × 10−3 14 (2, 2)
(3, 1, 1) 3p 1.93 × 10−4 14 (2, 2)
(4, 1, 1) 4p 3.81 × 10−5 14 (2, 2)
(3, 2, 2) 3d 1.89 × 10−7 18 (4, 4)
(4, 2, 2) 4d 6.81 × 10−8 18 (4, 4)
(5, 2, 2) 5d 2.35 × 10−9 18 (4, 4)
(4, 3, 3) 4f 2.89 × 10−11 22 (6, 6)
(5, 3, 3) 5f 2.14 × 10−11 22 (6, 6)
(6, 3, 3) 6f 1.13 × 10−11 22 (6, 6)
(5, 4, 4) 5g 3.17 × 10−15 26 (8, 8)
(6, 4, 4) 6g 3.98 × 10−15 26 (8, 8)
(7, 4, 4) 7g 2.97 × 10−15 26 (8, 8)
rate has a higher power of (Mµ). Since our approximation holds for Mµ≪ 1, the GW
radiation rate is expected to be much smaller than the energy extraction.
Figure 4 shows the GW radiation rate dEGW/dt and the energy extraction rate dEa/dt by
the superradiant instability normalized by (Ea/M)
2 as functions of Mµ for ℓ = m = 1, 2,
and 3. The BH rotation parameter is fixed to be a∗ = 0.99, and we show the two cases where
the energy of the axion cloud is Ea/M ∼ 10−3 and 10−1. These two values correspond to
the energies when the bosenova happens for the choice of the decay constant fa = 10
16 and
1017 GeV, respectively [9]. The figure shows that the energy extraction rate is much larger.
For other values of the BH rotation parameter a∗, we have found that the result does not
change in the region where the superradiant instability works effectively. Therefore, in the
region Mµ≪ 1, the GW radiation rate is smaller than the energy extraction rate, and the
GW emission does not hinder the growth of the axion cloud by the superradiant instability
for a wide range of system parameters.
3.4. Reliability of the flat approximation
Now, we discuss the problem of the gauge dependence of the inner product in the flat
approximation, Eq. (51). Here, we consider the gauge transformation δu of u generated by
a vector field ξµ ∝ e−iω˜t. Since δu ∼ ωξ and ∂tΦ2 ∼ ωΦ2, we have
〈δu, T 〉 ∼ βω
2
∆t
∫
δu
Φ2
x
√−gd4x. (59)
Here, we have introduced the small parameter β := k/ω ≈ µM/n. On the other hand, since
the order of the tt component of the energy-momentum tensor is Ttt ∼ ω2Φ2, readers may
expect that 〈u, T 〉 ∼ (ω2/∆t) ∫ uΦ2√−gd4x, and thus, 〈δu, T 〉 ∼ β〈u, T 〉 ≪ 〈u, T 〉. However,
this is incorrect because the leading order terms with respect to β cancel out in the calculation
of 〈u, T 〉 as explained just before Eq. (B21) in Appendix B. The fact is that because of this
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Fig. 4: The GW radiation rate normalized by (Ea/M)
2 as functions of Mµ in the flat
approximation. The cases of the axion cloud in the mode ℓ = m = 1, 2, and 3, and nr = 0
are shown for the BH rotation parameter a∗ = 0.99. The energy extraction rates of the axion
cloud are also plotted for the two cases Ea/M = 10
−3 and 10−1 for comparison. In all cases,
the energy extraction rate is larger than the GW radiation rate.
cancellation,
〈u, T 〉 ∼ βω
2
∆t
∫
uΦ2
√−gd4x, (60)
and therefore, 〈u, T 〉 ∼ 〈δu, T 〉. The change in the inner product caused by the gauge trans-
formation contribute to the leading order of 〈u, T 〉. Although this problem of the gauge
dependence would be solved by introducing the static perturbation from a flat spacetime
that corresponds to the Newton potential, the analytic calculation will become much more
difficult in such an analysis.
From the observations above, the value of the coefficients Cnℓ of Eq. (57c) is not reliable
and may be changed by a factor. In fact, we also calculated the inner product 〈u, T 〉 using the
gauge-invariant formalism for perturbations in spherically symmetric spacetimes in general
dimensions [27] in the radiation gauge u0µ = u
µ
µ = 0 and found that the prefactor Cnℓ for
the radiation formula (57a) for the even-type mode differs from Eq. (57c) by a factor of
(ℓ− 1)2/4 (although the result for the odd-type mode is unchanged). However, we would
like to stress that the power dependence on (µM) must not be changed by the gauge choice:
We can trust the power Qℓ of (µM) given by Eq. (57b). We will confirm this statement in
the fully numerical calculation in the Kerr background spacetime in the next section.
Note that this gauge dependence just appears in the case of the flat approximation. In the
full numerical calculations in the Kerr background below, the gauge invariance of the inner
product is guaranteed because the energy conservation ∇µT µν = 0 is fully satisfied.
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4. Gravitational radiation in Kerr background
In this section, we explain the numerical method of computing the GW radiation rate from
an axion cloud in the Kerr background spacetime and present the numerical results. This
analysis can be applied for the range of the system parameter Mµ ∼ 1.
4.1. Numerical method
The numerical method of calculating the axion bound state Φˆ = e−iωteimφR(r)S(θ) was
already explained in Sec. 2.1. The bound-state frequency and the radial function R(r) are
obtained by the continued fraction method. The angular function S(θ) is approximately
calculated with an expansion formula S(θ) =
∑
i S
(i)ci with c2 = −a2k2 up to the sixth
order for each (ℓ,m). See Appendix A for details. Once these functions are obtained, the
necessary components of the energy-momentum tensor are calculated with Eqs. (43a)–(43e).
In order to generate the homogeneous solutions u
(j˜)
µν , we first calculate the functions and
quantities that appear in the Teukolsky function: The spin-weighted spheroidal harmonics
sS
ω˜
ℓ˜m˜
(θ)eim˜φ and its eigenvalue sA
ω˜
ℓ˜m˜
, and the radial function sR
ω˜
ℓ˜m˜
(r).
For the eigenvalue sA
ω˜
ℓ˜m˜
, we adopt the approximate formula for small c := aω˜ given in
Refs. [28, 29] that is applicable for arbitrary values of (s, ℓ˜, m˜). This approximate formula is
given in the form of the series expansion with respect to c = aω˜ up to the sixth order. Since
approximate formulas for the functions sS
ω˜
ℓ˜m˜
have not been given in an existing literature,
we have derived the series expansion sS(θ) =
∑
i sS
(i)ci up to the sixth order for each value
of (s, ℓ˜, m˜). The reason why we use the approximate formula is that regularization at poles
is necessary when we calculate the metric from the Teukolsky functions. This regularization
procedure is much more difficult for numerically generated data.
The radial function +2R
ω˜
ℓ˜m˜
(r∗) was numerically generated using the fourth-order Runge-
Kutta method starting from r∗ = −200 to outward up to r∗/M = 1000 or 4000 depending
on the situation. Here, we choose s = +2 because the ingoing mode behaves as sR
ω˜
ℓ˜m˜
∼
∆−se−i(ω˜−m˜ΩH)r near the horizon and it is easy to kill this mode for a positive s. In order
to calculate the radiation rate, we have to determine the value of Zout from the numerical
data. This is done by fitting the numerical data with the asymptotic expansion formula of
the form
+2R
ω˜
ℓ˜m˜
≈ Zin e
−iω˜r
r1+2Mω˜i
[
1 +
A1
r
+ · · ·+ A5
r5
]
+ Zout
eiω˜r
r5−2Mω˜i
[
1 +
B1
r
+
B2
r2
]
. (61)
Here, the coefficients A1, ..., A5 and B1, B2 are determined from the asymptotic expansion
of the radial Teukolsky equation (33), and the fitting parameters are Zin and Zout. Although
the outgoing mode decays more rapidly compared to the ingoing mode at large r, the value
of Zout can be evaluated fairly accurately by increasing the numerical accuracy of +2R
ω˜
ℓ˜m˜
(r).
The fit was done in the range 100 ≤ r∗/M ≤ 300, because the numerical noise increases as
the value of r∗/M is further increased.
4.2. General properties
The modes of radiated GWs can be restricted by the symmetry properties of the (spin-
weighted) spheroidal harmonics. Assuming that the axion cloud is in the mode ℓ = m, we
have
Sℓm(θ) = Sℓm(π − θ). (62)
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Fig. 5: GW energy radiation rates for the modes (ℓ˜, m˜) = (2, 2) (⊙), (3, 2) (•), (4, 2) (),
and (5, 2) () from the axion cloud in the (ℓ,m) = (1, 1) mode, as functions of Mµ in the
cases of a∗ = 0.00, 0.50, 0.90, and 0.99. The result for the flat approximation is shown by
a dashed curve in the figure of a∗ = 0.00 and the vertical lines indicate the border of the
superradiant instability for each a∗.
On the other hand, the spin-weighted spheroidal harmonics for the even azimuthal quantum
number m˜ = 2m satisfies
+2S
ω˜
ℓ˜m˜
(θ) = (−1)ℓ˜−2S ω˜ℓ˜m˜(π − θ). (63)
From these properties, the angular integration of 〈u, T 〉 becomes zero when P = (−1)ℓ˜+1.
Therefore, the radiated GW modes are limited to the ones satisfying P = (−1)ℓ˜. For the
“even-type” perturbations (P = +1), the GW modes with the quantum numbers ℓ˜− m˜ =
0, 2, 4, ... are radiated, and for the “odd-type” perturbations (P = −1), those with the
quantum numbers ℓ˜− m˜ = 1, 3, 5, ... are radiated.
In the flat approximation in the previous section, all vector modes (P = −1) vanished.
But in the case of the rotating Kerr background, our numerical data show that the P = −1
modes are nonzero as we see below. The reason can be understood by considering the slow
rotation case. The effect of the BH rotation is given by the odd-type perturbation, and the
coupling between the even-type axion distribution and the odd-type rotation becomes the
source for the odd-type GWs at the second order.
4.3. Numerical results
Now we show the numerical results.
4.3.1. ℓ = m = 1. We begin with the results for the axion cloud in the ℓ = m = 1 mode
that is reduced to the gravitational atom with a vanishing radial quantum number nr = 0
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Fig. 6: Total GW energy emission rate from the axion cloud in the (ℓ,m) = (1, 1) mode and
the energy extraction rate of the axion cloud for the cases of Ea/M = 10
−3 and 10−1 as
functions of Mµ. The cases of the BH rotation parameter a∗ = 0.90 (left) and 0.99 (right)
are shown. The total GW energy emission rate is evaluated by summing the first four GW
modes ℓ˜ = 2, 3, 4, and 5. The energy extraction rate is larger in all cases.
for Mµ≪ 1. Figure 5 shows the GW radiation rates dE(ℓ˜m˜)GW /dt normalized by (Ea/M)2 for
the modes (ℓ˜, m˜) = (2, 2) (circles, ⊙), (3, 2) (black circles, •), (4, 2) (squares, ), and (5, 2)
(black squares, ) as functions of Mµ for a∗ = 0.00, 0.50, 0.90, and 0.99. The value of P
for each GW mode is P = (−1)ℓ˜. In the panel of a∗ = 0.00, only the mode (ℓ˜, m˜) = (2, 2) is
shown because other modes become zero with the same reason as the flat approximation.
However, as the value of a∗ is increased, the contribution of other modes becomes important.
In fact, there are regions where the modes (ℓ˜, m˜) = (3, 2) or (4, 2) become dominant.
In each panel of a∗ = 0.50, 0.90, and 0.99, the vertical line indicates the threshold of
the superradiant instability: In the left-hand side of the line, the axion cloud grows by
superradiant instability at least if the GW emission is neglected. In the right-hand side,
no superradiant instability occurs, and the axion cloud, even if it were produced by some
mechanism, would simply shrink gradually due to infall into the BH. We find the general
tendency such that the radiation rate decreases for very large Mµ. The reason is as follows.
In the superradiant regime, there is always a potential minimum of the axion field and the
quasibound state is formed. Although this potential minimum also exists for Mµ that is
not much larger than the threshold, it disappears at some point as Mµ is further increased.
In such a situation, the field cannot form a bound state and it just falls into the horizon.
Then, the field is concentrated near the horizon and the GW emission becomes inefficient,
because the redshift effect becomes more and more significant as Mµ increases further. The
GW radiation rate decreases rapidly with Mµ.
In the panel of a∗ = 0.00, the result of the flat approximation is also shown. For a small
value ofMµ, our numerical data obey the same power dependence onMµ as the approximate
formula, dEGW /dt ∝ (Mµ)14. There is a shift by a constant factor from the curve of the
approximate formula, because the value of Cnℓ includes the error by a factor as discussed in
Sec. 3.4.
Figure 6 compares the total GW radiation rate dEGW/dt and the energy extraction rate
dEa/dt normalized with (Ea/M)
2 as functions of Mµ for a∗ = 0.90 and a∗ = 0.99. Here, the
total GW emission rate is approximated by sum of the GW radiation rates for the first four
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Fig. 7: The same as Fig. 5 for the GW modes (ℓ˜, m˜) = (4, 4) (⊙), (5, 4) (•), (6, 4) (), and
(7, 4) () from the axion cloud in the ℓ = m = 2 mode.
modes with respect to ℓ˜,
dEGW
dt
≈
m˜+3∑
ℓ˜=m˜
dE
(ℓ˜m˜)
GW
dt
. (64)
Since the power dependence on (Ea/M) of the two rates are different from each other, we
have to specify this value to compare them. As we have done in the flat approximation, we
consider the two cases, Ea/M = 10
−3 and 10−1. Each curve of the energy extraction rate
crosses the curve of the GW radiation rate at the point where the former curve suddenly
drops near the threshold of the superradiant instability. Therefore, the GW emission scarcely
affects the growth of the axion cloud due to the superradiant instability.
4.3.2. ℓ = m = 2. We turn our attention to the results for the axion cloud in the ℓ = m =
2 mode with the radial quantum number nr = 0. Figure 7 shows the radiation rates dE
(ℓ˜m˜)
GW /dt
normalized with (Ea/M)
2 for the GW modes (ℓ˜, m˜) = (4, 4) (circles, ⊙), (5, 4) (black circles,
•), (6, 4) (squares, ), and (7, 4) (black squares, ) as functions of Mµ for a∗ = 0.00, 0.50,
0.90, and 0.99. Similarly to the case ℓ = m = 1, only the mode (ℓ˜, m˜) = (4, 4) is radiated in
the case of a∗ = 0.00. But as the value of a∗ is increased, the contribution of other modes
becomes important, and there are regions where the modes (ℓ˜, m˜) = (5, 4) or (6, 4) become
dominant. Again, the effect of nonlinearity with respect to Mµ tends to suppress the GW
radiation rate. Similarly to the case of ℓ = m = 1, the numerical data (shown in the panel
of a∗ = 0.00) have the same power dependence dEGW/dt ∝ (Mµ)18 as the result of the flat
approximation for Mµ≪ 1.
Figure 8 compares the total GW radiation rate with the energy extraction rate as functions
of Mµ for a∗ = 0.90 and 0.99. Here, the total GW radiation rate is approximated by sum
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Fig. 8: The same as Fig. 6 but for the axion cloud in the ℓ = m = 2 mode. The total GW
energy radiation rate is evaluated by summing the first four GW modes ℓ = 4, 5, 6, and 7.
-20
-18
-16
-14
-12
-10
-8
-6
-4
 0.4  0.6  0.8  1  1.2  1.4  1.6
Lo
g 1
0[(
dE
/d
t)/
(E
a
/M
)2 ]
Mµ
a* = 0.00
flat approximation
-20
-18
-16
-14
-12
-10
-8
-6
-4
 0.4  0.6  0.8  1  1.2  1.4  1.6
Lo
g 1
0[(
dE
/d
t)/
(E
a
/M
)2 ]
Mµ
a* = 0.50
-20
-18
-16
-14
-12
-10
-8
-6
-4
 0.4  0.6  0.8  1  1.2  1.4  1.6
Lo
g 1
0[(
dE
/d
t)/
(E
a
/M
)2 ]
Mµ
a* = 0.90
-20
-18
-16
-14
-12
-10
-8
-6
-4
 0.4  0.6  0.8  1  1.2  1.4  1.6
Lo
g 1
0[(
dE
/d
t)/
(E
a
/M
)2 ]
Mµ
a* = 0.99
Fig. 9: The same as Fig. 5 but for the GW modes (ℓ˜, m˜) = (6, 6) (⊙), (7, 6) (•), (8, 6) (),
and (9, 6) () from the axion cloud in the ℓ = m = 3 mode.
of the GW radiation rates for the first four modes with respect to ℓ˜, and the curves of the
energy extraction rate for the cases Ea/M = 10
−3 and 10−1 are shown. Similarly to the case
ℓ = m = 1, the GW radiation rate is much smaller than the energy extraction rate except
for a very small region near the threshold of the superradiant instability. Therefore, the GW
emission scarcely affects the growth of the axion cloud due to the superradiant instability
also in the case ℓ = m = 2.
4.3.3. ℓ = m = 3. Finally, we show the results for the axion cloud in the ℓ = m = 3 mode
with the radial quantum number nr = 0. Figure 9 shows the radiation rates dE
(ℓ˜m˜)
GW /dt nor-
malized by (Ea/M)
2 for the GW modes (ℓ˜, m˜) = (6, 6) (circles, ⊙), (7, 6) (black circles, •),
(8, 6) (squares, ), and (9, 6) (black squares, ) as functions of Mµ for a∗ = 0.00, 0.50, 0.90,
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Fig. 10: The same as Fig. 6 but for the axion cloud in the ℓ = m = 3 mode. The total GW
energy emission rate is evaluated by summing the first four GW modes ℓ = 6, 7, 8, and 9.
and 0.99. The general features are same as the previous two cases. Although only the mode
(ℓ˜, m˜) = (6, 6) is radiated in the nonrotating case, the contribution of other modes become
important as the value of a∗ is increased. The GW radiation is suppressed for a very large
value of Mµ. In this case, the numerical data coincide well with the flat approximation for
Mµ≪ 1 as shown in the panel of a∗ = 0.00.
Figure 10 compares the total GW radiation rate (approximated by sum of the radiation
rates for the first four modes with respect to ℓ˜) and the energy extraction rates for Ea/M =
10−3 and 10−1 as functions of Mµ for a∗ = 0.90 and 0.99. Again, the GW radiation rate
is much smaller than the energy extraction rate except for a very small region near the
threshold of the superradiant instability.
4.4. Summary of the numerical result
We have calculated the GW radiation rates to infinity, dE
(out)
GW /dt, as functions of Mµ from
the axion clouds in the modes ℓ = m = 1, 2, and 3. Our numerical data have the same power
dependence as the flat approximation for small values of Mµ. We compared the numerical
results of dEGW/dt with the energy extraction rates dEa/dt of the axion cloud. The value of
dE
(out)
GW /dt is much smaller than dEa/dt for the both cases Ea/M = 10
−3 and 10−1. Therefore,
similarly to the flat approximation, the axion cloud grows by the superradiant instability
until the effect of the nonlinear self-interaction becomes important also when the background
spacetime is adopted to be a rotating Kerr BH spacetime.
5. Conclusion
In this paper, we have studied GW emissions from an axion cloud in the superradiant phase
around a rotating BH by combining analytic methods and numerical calculations. First,
for Mµ≪ 1 for which the Newtonian approximation is good, we have derived the analytic
formula (57a)–(57c) in the flat spacetime approximation. This formula can be translated
into the expression for the observed non-dimensional GW amplitude h as
h ∼ CNα2ℓ+4g
(
GM
dc2
)(
Ea
Mc2
)
; CN =
√
2Cnℓ (65)
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with Cnℓ given in the Table 1, where d is the distance to the source from us, αg is defined
by
αg =
µM
M2pl
, (66)
and we have recovered G and c.
This formula cannot be used when αg becomes of the order of unity, because the axion
cloud approaches the BH horizon and relativistic effects become significant. Therefore, for
the parameter range αg ∼ 1, we have computed numerically the GW emission rate from the
axion cloud corresponding to the modes ℓ = m = 1, 2, and 3 by solving the perturbation
of the Kerr background spacetime exactly. As shown in Figs. 5, 7, and 9, the results of
the numerical calculations indicate that the GW emission rate for each GW mode deviates
from the above analytic formula when αg approaches unity, and rapidly decreases beyond
some critical value of αg due to relativistic effects. This critical value of αg depends on
the angular momentum parameter a∗ = J/M
2 and the quantum number ℓ characterising
the superradiant mode of the cloud and increases with a∗ and ℓ. Interestingly, up to this
critical value, the above analytic formula reproduces the numerical results rather well when
a∗ is large if the contributions of all emission modes are summed up, although the deviation
becomes significant at smaller αg for a∗ ≪ 1.
These GW emission rates were compared with the energy extraction rate by the super-
radiant instability. When the axion decay constant is in the range fa = 10
16–1017GeV [9]
and the angular momentum is in the range a∗ = 0.90–0.99, we have found that the GW
emission rate is much smaller than the energy extraction rate except for a small region near
the threshold of superradiant instability, as illustrated in Figs. 4, 6, 8, and 10. Therefore,
the GW emission does not hinder the growth of the axion cloud through the superradiant
instability for a wide range of the system parameters.
In our previous paper [9], we simulated the time evolution of an axion field around a Kerr
BH taking account of nonlinear self-interaction, and showed that “axion bosenova” happens
as the result of superradiant instability. Our results in this paper indicate that we do not have
to change this picture even if we take into account the backreaction of the GW emission from
the axion cloud. Since the GW emission rate is sufficiently low, the superradiant instability
continues until the bosenova happens by nonlinear self-interaction.
Because we can safely declare that bosenova happens, our next task is to calculate the
GW emission during bosenova. In our previous paper [9], we gave a preliminary estimation
of the emission rate by the quadrupole formula. The result can be expressed as
h ≃ CQα4g
(
GM
dc2
)(
∆Ea
Mc2
)
; CQ =
2
√
10
15(ℓ+ 1)5
, (67)
where ∆Ea is the change of the axion cloud energy during the bosenova collapse. ∆Ea
includes the energy that falls into BH, which is around (0.05–0.2)M . Thus, the main dif-
ference between the estimation based on the flat approximation and that obtained by the
quadrupole formula comes from the numerical coefficient and the power of αg. Here, for small
ℓ, we have found that CN is of a similar order to or less than CQ. The power of αg for the flat
approximation is always larger than that for the quadrupole formula. Hence, the quadrupole
formula always gives a larger emission rate than that during the superradiant phase, which
is detectable by the advanced LIGO, advanced VIRGO and KAGRA if the source is inside
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our galaxy. This also implies that bosenova can produce strong GW emissions for small αg
if the instability growth time is shorter than the age of the central BH.
In the present paper, we have studied the case in which only a single mode grows by super-
radiance. In realistic situations, however, there may exist several unstable modes. Although
the instability growth rates for them are largely different, the amplitudes of all of them can
become large simultaneously if the instability growth times are all shorter than the age of the
BH. Then, GW emissions in the superradiant phase will be more complicated because the
emitted GWs will be the superposition of those from the two-axion annihilation processes
in several bound-state levels and from the process of axion level transitions. This multi-level
occupation will also make the bosenova collapse and the associated GW emissions much more
complicated. Further, we should also carefully estimate the detectability of GW emissions
in the superradiant phase because it lasts for much longer time than the bosenova collapse.
Clearly, GW emissions in such realistic situations can be correctly evaluated only by com-
bining the method developed in the present paper and numerical simulations of bosenova in
our previous paper [9]. This program is now in progress.
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A. Numerical construction of axion bound states
In this section, we present details of the numerical construction of the quasibound state of
an axion cloud.
A.1. Equation
Assuming the form of Eq. (4), Φˆ = e−iωtR(r)S(θ)eimφ, the massive Klein-Gordon
equation (3) in the Kerr background spacetime with the metric (2a) is reduced to the
following separated two equations:
d
dr
∆
dR
dr
+
[
K2
∆
− λℓm − µ2r2
]
R = 0, (A1)
1
sin θ
d
dθ
sin θ
dS
dθ
+
[
−k2a2 cos2 θ − m
2
sin2 θ
+Aℓm
]
S = 0, (A2)
where definition of k is same as Eq. (45), k =
√
µ2 − ω2, and
K = (r2 + a2)ω − am, λℓm = Aℓm + a2ω2 − 2amω. (A3)
The angular equation (A2) is identical to the equation for the spin-weighted spheroidal
harmonics (34) with s = 0 if we replace a2ω˜2 with −k2a2.
A.2. Angular eigenvalues and angular eigenfunctions
The eigenvalue Aℓm has to be evaluated approximately or numerically for a∗ 6= 0. In this
paper, we use the approximate formula derived by Seidel [28] (see also [29]). Setting c2 =
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−k2a2, Seidel’s approximate formula is given in the series with respect to c up to the sixth
order:
Aℓm ≈ A(0)ℓm +A(2)ℓmc2 +A(4)ℓmc4 +A(6)ℓmc6. (A4)
The zeroth-order term is A
(0)
ℓm = ℓ(ℓ+ 1). The formulas for A
(i) have been given for general
ℓ and m (or more generally for any spins s). This gives a fairly good approximation.
As for the angular function S = Sℓm(c; θ), we could not find an approximate formula for
general values of ℓ and m in existing studies. For this reason, we derived expansion formulas
Sℓm(c; θ) with respect to c up to the sixth order for the values of (ℓ,m) necessary for our
purpose. For ℓ = m > 0, the expansion formula can be expressed as
Sℓm ≈ B sinℓ θ
(
1 + a(2) cos2 θ + a(4) cos4 θ + a(6) cos6 θ
)
. (A5)
Here, B, a(2), a(4), and a(6) are polynomials of c, and they are defined from the angular
equation (A2) order by order.
A.3. Continued fraction method
Next task is to determine the eigenvalue for ω that corresponds to the quasibound state.
The asymptotic behavior of R(r) at infinity satisfying the decaying condition is
R ∼ r−1+M(2ω
2
−µ2)
k e−kr, (A6)
where we assumed ℜk > 0. On the other hand, the behavior in the neighborhood of the
horizon satisfying the ingoing condition is given as
R ∼ e−i(ω−mΩH)r∗ (A7)
with the tortoise coordinate r∗ defined in Eq. (5) and the angular velocity ΩH = a/(r
2
+ + a
2)
of the Kerr BH. Dolan [8] assumed that the radial function is expressed by the following
infinite series:
R(r) = (r − r+)−iσ(r − r−)iσ+χ−1e−kr
∞∑
n=0
an
(
r − r+
r − r−
)n
, (A8)
where r± =M ± b with b =
√
M2 − a2, and
σ =
2Mr+
r+ − r− (ω −mΩH), χ =
M(2ω2 − µ2)
k
. (A9)
Assuming that the series are convergent, the formula (A8) satisfies the boundary conditions
above. Substituting the formula (A8) into the radial equation (A1), we obtain the three-term
recurrence relation,
a1 = −β0
α0
a0, (A10a)
αnan+1 + βnan + γnan−1 = 0, (A10b)
where
αn = (n + 1)[n + 1− 2iσ], (A11a)
βn = −2n2 + 2n
[
−1 + 2iσ − 2bk − M
k
(µ2 − 2ω2)
]
+ β0, (A11b)
γn = (n − 1)
[
n+ 1− 2iσ − 2M
k
(2ω2 − µ2)
]
+ γ1, (A11c)
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with
β0 = a
2k2 − 2M(M + b)(µ2 − 2ω2) + 4M2ω2 − (1− 2iMω)
[
1 +
i
b
(am− 2M2ω)
]
+
[
−2k − M
bk
(µ2 − 2ω2)
] [
b(1− 2iMω) + i(am− 2M2ω)]−Aℓm, (A12a)
γ1 =
M2(µ2 − 2ω2)2
k2
− iM(µ
2 − 2ω2)
bk
[−am+ 2M2ω + 2ib(1 − iMω)]
+ (1− 2iMω)
[
1 +
i
b
(am− 2M2ω)
]
. (A12b)
Although these formulas are apparently different from the ones presented in Ref. [8], we
have checked that they exactly agree. From the three-term recurrence relations (A10a) and
(A10b), we obtain the following relation of the continued fraction:
0 = β0 − α0γ1
β1−
α1γ2
β2−
α2γ3
β3− · · · . (A13)
This gives the equations for ω, and we solved numerically using the Newton method. Typ-
ically, we took account of the first 1000 terms of the recurrence relation (i.e., we assumed
an = 0 for n ≥ 1000). The result is presented in Fig. 1.
A.4. Radial function
Once the eigenfrequency ω for the quasibound state is determined, we can numerically
calculate the sequence of numbers an using the recurrence relations (A10a) and (A10b).
Then, using the formula (A8), the radial function R(r) is generated. Some examples can be
found in Figs. 2 and 3.
B. Inner product in the flat approximation
In Sec. 3, we presented the formula for the gravitational radiation rate. The radiation rate
vanishes for the odd-type modes, and is given by Eqs. (57a)–(57c) for the even-type modes.
These results are derived from Eqs. (42) and (56) after calculating 〈u, T 〉. In this section, we
sketch the calculation of this inner product 〈u, T 〉.
For simplicity, we denote the radial function and spin-weighted spherical harmonics for
the Teukolsky function as R˜ := +2Rℓ˜m˜(r) and sY˜ := sYℓ˜m˜(θ, φ), respectively. On the other
hand, R = Rℓm(r) and Y := Yℓm(θ, φ) represent the radial function and spherical harmonics
for the axion field.
Because the background spactime is assumed to be flat, the Kinnersley tetrad and the
Newman-Penrose variables become
ℓµ = (1, 1, 0, 0), nµ = (1/2,−1/2, 0, 0), mµ = (0, 0, 1, i/ sin θ)/
√
2r, (B1)
and
ρ = −1/r, β = −α = cot θ/2
√
2r, µ = −1/2r, π = τ = γ = 0. (B2)
Then, the functions appearing in the Chrzanowski formula (37) are calculated as
A
(
R˜ −2Y˜ e
−iω˜t
)
=
x2
2ω˜2
R˜ ðð−2Y˜ e
−iω˜t (B3a)
A∗
(
R˜ +2Y˜ e
−iω˜t
)
=
x2
2ω˜2
R˜ ð∗ð∗+2Y˜ e
−iω˜t (B3b)
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B
(
R˜ −2Y˜ e
−iω˜t
)
=
x4
4ω˜2
[
2iR˜,x +
(
−2 + 2i
x
+
ℓ˜2 + ℓ˜− 2
x2
)
R˜
]
−2Y˜ e
−iω˜t (B3c)
B∗
(
R˜ +2Y˜ e
−iω˜t
)
=
x4
4ω˜2
[
2iR˜,x +
(
−2 + 2i
x
+
ℓ˜2 + ℓ˜− 2
x2
)
R˜
]
+2Y˜ e
−iω˜t (B3d)
C
(
R˜ −2Y˜ e
−iω˜t
)
=
x3√
2ω˜2
(
iR˜+ R˜,x +
2
x
R˜
)
ð−2Y˜ e
−iω˜t (B3e)
C∗
(
R˜ +2Y˜ e
−iω˜t
)
=
x3√
2ω˜2
(
iR˜+ R˜,x +
2
x
R˜
)
ð
∗
+2Y˜ e
−iω˜t (B3f)
On the other hand, the necessary components of the energy-momentum tensor, Eqs. (43a)–
(43e), become
Tˆµνm
µmν =
ω˜2
4x2
R2 (ðY )2 e−2iωt, (B4a)
Tˆµνm
∗µm∗ν =
ω˜2
4x2
R2 (ð∗Y )2 e−2iωt, (B4b)
Tˆµνn
µnν =
ω˜2
8
(
i
2
R+R,x
)2
Y 2e−2iωt, (B4c)
Tˆµνn
µmν =
ω˜2
4
√
2x
(
i
2
R+R,x
)
R (ðY )Y e−2iωt, (B4d)
Tˆµνn
µm∗ν =
ω˜2
4
√
2x
(
i
2
R+R,x
)
R (ð∗Y )Y e−2iωt. (B4e)
Here, we used the standard definition for the “eth” operators, ð and ð∗, which act on the
spin-weighted spherical harmonics as
ð
(
sYℓ˜m˜
)
:= −
(
∂θ +
i
sin θ
− s cot θ
)
sYℓ˜m˜, (B5a)
ð
∗
(
sYℓ˜m˜
)
:= −
(
∂θ − i
sin θ
+ s cot θ
)
sYℓ˜m˜. (B5b)
It is worth noting the following useful formulas in order to carry out the angular integrations
below:
ð
(
sYℓ˜m˜
)
= +
√
(ℓ˜− s)(ℓ˜+ s+ 1)s+1Yℓ˜m˜, (B6a)
ð
∗
(
sYℓ˜m˜
)
= −
√
(ℓ˜+ s)(ℓ˜− s+ 1)s−1Yℓ˜m˜. (B6b)
B.1. Odd-type modes
First, we consider the odd-type modes, P = −1. In this case, the integrations with respect
to the angular coordinates (θ, φ) that appear in the inner product 〈u, T 〉 are calculated as∫ [
(ð∗−2Y˜ )
∗(ð∗Y )Y − (ð∗+2Y˜ )∗(ðY )Y
]
dΩ = 0, (B7a)∫ [
(−2Y˜ )
∗(ð∗Y )2 − (+2Y˜ )∗(ðY )2
]
dΩ = 0, (B7b)∫ [
(ðð−2Y˜ )
∗Y 2 − (ð∗ð∗+2Y˜ )∗Y 2
]
dΩ = 0. (B7c)
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Since all the angular integrals become zero, we have 〈u, T 〉 = 0. Therefore, odd-type GWs
are not radiated.
B.2. Even-type modes
Next, we consider the even-type modes, P = +1. The integrations with respect to the angular
coordinates (θ, φ) that appear in the inner product 〈u, T 〉 are∫ [
(ð∗−2Y˜ )
∗(ð∗Y )Y + (ð∗+2Y˜ )
∗(ðY )Y
]
dΩ = −IΩ
√
(ℓ˜− 1)ℓ˜(ℓ˜+ 1)(ℓ˜+ 2), (B8a)
∫ [
(−2Y˜ )
∗(ð∗Y )2 + (+2Y˜ )
∗(ðY )2
]
dΩ = 2ℓ(ℓ+ 1)IΩ
√
ℓ˜(ℓ˜+ 1)
(ℓ˜− 1)(ℓ˜+ 2) , (B8b)∫ [
(ðð−2Y˜ )
∗Y 2 + (ð∗ð∗+2Y˜ )
∗Y 2
]
dΩ = 2IΩ
√
(ℓ˜− 1)ℓ˜(ℓ˜+ 1)(ℓ˜+ 2), (B8c)
where we introduced the definition
IΩ =
∫ (
0Yℓ˜m˜
)∗
(Yℓm)
2 dΩ. (B9)
Hereafter, we assume the axion cloud to be in the ℓ = m mode. In this setup, the integral
IΩ becomes nonzero if and only if ℓ˜ = m˜ = 2ℓ, and its analytic expression for these mode
parameters is
IΩ =
Γ(2ℓ+ 2)
√
Γ(4ℓ+ 2)
42ℓ+1 [Γ(ℓ+ 1)]2 Γ(2ℓ+ 3/2)
. (B10)
After integrating uˆ∗abTˆ
ab with respect to the angular variables (θ, φ), we have
∫
uˆ∗abTˆ
abdΩ =
IΩ
16
√
(ℓ˜− 1)ℓ˜(ℓ˜+ 1)(ℓ˜+ 2)
×
{
− 2ℓ(ℓ+ 1)x
2
(ℓ˜− 1)(ℓ˜+ 2)
[
−2iR˜∗,x +
(
−2− 2i
x
+
ℓ˜2 + ℓ˜− 2
x2
)
R˜∗
]
R2
−2x2R˜∗
(
i
2
R+R,x
)2
+ x2
(
2iR˜∗ − 2R˜∗,x −
4
x
R˜∗
)(
i
2
R+R,x
)
R
}
. (B11)
Now, we multiply the volume element in the radial direction r2dr = ω˜−3x2dx and perform
the integration. Integrating by parts and rewriting with the equation for the radial function
of the axion field R,
R,xx +
2
x
R,x +
[
−β
2
4
+
ℓ(ℓ+ 1)
x2
− nβ
x
]
R = 0, (B12)
where β is a small parameter β := k/ω ≈ µM/n, we have
〈u, T 〉 ≈ IΩ
16
ω˜−3
√
(ℓ˜− 1)ℓ˜(ℓ˜+ 1)(ℓ˜+ 2)
×
∫
R˜∗x4
{[
2ℓ+ 1
2(2ℓ− 1) −
2(ℓ+ 1)
2ℓ− 1
i
x
]
R2 − 2i
2ℓ− 1RR,x −
2nβ
x
R
}
dx. (B13)
Here, we neglected O(β2) terms compared to the leading order, because we are interested
only in the leading order term of 〈u, T 〉 with respect to β. The radial function for the axion
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field can be expressed as
R = Ae−y
[
(kr)ℓ + q(kr)ℓ+1 + · · ·
]
= Ae−(β/2)x
(
β
2
)ℓ [
xℓ +
qβ
2
xℓ+1 + · · ·
]
(B14)
with
A = −
√
2Ea
ω
(2k)3/2
√
(n− ℓ− 1)!
2n(n+ ℓ)!
2ℓ(n+ ℓ)!
(n− ℓ− 1)!(2ℓ + 1)! , (B15)
q =
ℓ− n+ 1
ℓ+ 1
. (B16)
Substituting Eq. (B14) into Eq. (B13), we have
〈u, T 〉 = IΩ
16
ω˜−3
√
(ℓ˜− 1)ℓ˜(ℓ˜+ 1)(ℓ˜ + 2)A2
(
β
2
)2ℓ{ 2ℓ+ 1
2(2ℓ− 1)f
(1)(β)
−2(2ℓ+ 1)i
2ℓ− 1 f
(0)(β) +
(2ℓ+ 1)q
2(2ℓ− 1)βf
(2)(β) +
[1− (4ℓ+ 3)q]i
2ℓ− 1 βf
(1)(β)− 2nβf (0)(β)
}
, (B17)
where we defined the formula
f (i)(β) :=
∫ ∞
0
R˜∗x2ℓ+3+ie−βxdx. (B18)
The integration of f (0) can be performed analytically as
f (0) =
Γ(4ℓ+ 2)
(β − i)4ℓ+2
[
1 +
4
(β − i)2
]1/2−ℓ
exp
[
−i(2ℓ− 1) arctan
(
2
β − i
)]
= Γ(4ℓ+ 2)
[
1− 4iβ − (2ℓ+ 9)β2 + · · · ] , (B19)
and f (i) with i > 0 are given by differentiating f (0) as
f (i) = (−1)i d
if (0)
dβi
. (B20)
Substituting these formulas, we find that the terms of O(β2ℓ) cancel out. Therefore, the
order of the inner product becomes O(β2ℓ+1), and the final result is
〈u, T 〉 = IΩ
8
ω˜−3
√
(ℓ˜− 1)ℓ˜(ℓ˜+ 1)(ℓ˜+ 2)A2 n
ℓ+ 1
Γ(4ℓ+ 2)
(
β
2
)2ℓ+1
. (B21)
Substituting this formula with Eqs. (B10), (B15) and (56) into Eq. (42), we find the formula
for the GW energy emission rate, Eqs. (57a)–(57c).
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